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e Key notions: coordinate scaling, novel Klainerman-Sobolev inequality
Extensions to the case of no symmetry (a bridge to the next topic)
e Key notions: coordinate scaling, stability of Minkowski in a boosted frame
Radial ‘boosts’ and an easy proof of trapped surface formation
e Key notions: coordinate scaling in spherical geometry, reduction to small-data problem
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e In my PhD thesis, I studied this problem in a null geodesic gauge, with coordinates (s, z,v), where s is
an affine parameter along a family of null geodesics parameterised by = and wv.

e Specifically, we let v denote the solution to the wave equation and (unimaginatively) write the metric
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where the form of A is dictated by our choice of gauge.
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As is well known, in polarized U(1) symmetry the Einstein vacuum equations reduce to a system of

Riccati ODEs (for the components of a 2 + 1 Lorentzian metric) coupled to a wave equation.
In my PhD thesis, I studied this problem in a null geodesic gauge, with coordinates (s, x,v), where s is

an affine parameter along a family of null geodesics parameterised by = and wv.
Specifically, we let v denote the solution to the wave equation and (unimaginatively) write the metric

asS

0 0 —1
h=1 0 (1+80)* b |,
—1 b

where the form of A is dictated by our choice of gauge.
The Riccati equations then become, given 7, linear when solved for 0/, b, and ¢, in that order, and ~

enters quadratically.

e Effectively, then, the self-coupling of ~ to itself is cubic.

After trying unsuccessfully to implement a Gaussian beam ansatz with this system, I (re)discovered the
coordinate scaling

1/2

s s, x>0 Vi v 5l

and the scaling ansatz
v(s,z,v) = 0'F(s, 512, § ),

where 7 is independent of 0 to leading order.
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Boosts, radial ‘boosts’, and cosmic censorship 3



Concentrated solutions in U(1) symmetry: scaling, 11

e Applying the above coordinate scaling and ansatz, together with an overall conformal scaling of h by

6~ 1, one finds that the metric h becomes an O(§%*) perturbation of the Minkowski metric.
e By applying elementary energy estimates in this scaled picture, I was able in my thesis to obtain existence

up tos~1,v~1for.>1/2.

Boosts, radial ‘boosts’, and cosmic censorship 3



Concentrated solutions in U(1) symmetry: scaling, 11

e Applying the above coordinate scaling and ansatz, together with an overall conformal scaling of h by

6~ 1, one finds that the metric h becomes an O(§%*) perturbation of the Minkowski metric.
e By applying elementary energy estimates in this scaled picture, I was able in my thesis to obtain existence

up tos~1,v~1for.>1/2.
e In further work with Alexakis, I introduced a novel Klainerman-Sobolev inequality which allowed us to
obtain a similar existence time for all + > 1/4. T will describe this more in a moment.

Boosts, radial ‘boosts’, and cosmic censorship 3



Concentrated solutions in U(1) symmetry: scaling, 11

Applying the above coordinate scaling and ansatz, together with an overall conformal scaling of A by

6~ 1, one finds that the metric h becomes an O(§%*) perturbation of the Minkowski metric.
By applying elementary energy estimates in this scaled picture, I was able in my thesis to obtain existence

up tos~1,v~1for.>1/2.

In further work with Alexakis, I introduced a novel Klainerman-Sobolev inequality which allowed us to
obtain a similar existence time for all + > 1/4. T will describe this more in a moment.

Connections to the literature:

Boosts, radial ‘boosts’, and cosmic censorship 3



Concentrated solutions in U(1) symmetry: scaling, 11

Applying the above coordinate scaling and ansatz, together with an overall conformal scaling of A by

6~ 1, one finds that the metric h becomes an O(§%*) perturbation of the Minkowski metric.
By applying elementary energy estimates in this scaled picture, I was able in my thesis to obtain existence

up tos~1,v~1for.>1/2.
In further work with Alexakis, I introduced a novel Klainerman-Sobolev inequality which allowed us to
obtain a similar existence time for all + > 1/4. T will describe this more in a moment.

Connections to the literature:
e With : = 1/2, the scaling ansatz above is effectively that considered but then discarded by Klainer-

man and Rodnianski in their study of trapped surface formation. Without the x scaling, it would
be analogous to Christodoulou’s initial short-pulse data.

Boosts, radial ‘boosts’, and cosmic censorship 3



Concentrated solutions in U(1) symmetry: scaling, 11

Applying the above coordinate scaling and ansatz, together with an overall conformal scaling of A by

6~ 1, one finds that the metric h becomes an O(§%*) perturbation of the Minkowski metric.
By applying elementary energy estimates in this scaled picture, I was able in my thesis to obtain existence

up tos~1,v~1for.>1/2.
In further work with Alexakis, I introduced a novel Klainerman-Sobolev inequality which allowed us to
obtain a similar existence time for all + > 1/4. T will describe this more in a moment.

Connections to the literature:
e With : = 1/2, the scaling ansatz above is effectively that considered but then discarded by Klainer-

man and Rodnianski in their study of trapped surface formation. Without the x scaling, it would

be analogous to Christodoulou’s initial short-pulse data.
e We obtain existence up to v ~ 1, while Christodoulou/Klainerman-Rodnianski obtain existence

only up to (effectively) v ~ §~1.

Boosts, radial ‘boosts’, and cosmic censorship 3



Concentrated solutions in U(1) symmetry: scaling, 11

Applying the above coordinate scaling and ansatz, together with an overall conformal scaling of A by

6~ 1, one finds that the metric h becomes an O(§%*) perturbation of the Minkowski metric.
By applying elementary energy estimates in this scaled picture, I was able in my thesis to obtain existence

uptos~1,v~1fore>1/2.
In further work with Alexakis, I introduced a novel Klainerman-Sobolev inequality which allowed us to
obtain a similar existence time for all + > 1/4. T will describe this more in a moment.
Connections to the literature:
e With : = 1/2, the scaling ansatz above is effectively that considered but then discarded by Klainer-
man and Rodnianski in their study of trapped surface formation. Without the x scaling, it would

be analogous to Christodoulou’s initial short-pulse data.

e We obtain existence up to v ~ 1, while Christodoulou/Klainerman-Rodnianski obtain existence
only up to (effectively) v ~ 1.

e On the other hand, our existence result requires that the initial data be Minkowskian to high order
after a short incoming pulse, and this forces us to put non-Minkowsk: initial data on the incoming
null hypersurface, unlike Christodoulou/Klainerman-Rodnianski.
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The Espa(;?like’ portion of the standard Klainerman-Sobolev inequality in n dimensions gives decay
~ T n—1 2_

The standard setting is on a set which behaves well under rotation, such as a plane or an annular region.
Our setting requires a Klainerman-Sobolev inequality on narrow strips in R2.

One obtains the expected ~ r~1/2 decay by transforming to polar coordinates, but when attempting to
complete the proof by applying the standard Sobolev inequality in polar coordinates one finds that one
gains a factor ~ r1/4 due to the sharply peaked nature of the region.
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Technical aside: Klainerman-Sobolev inequality on narrow strips

The ‘spacelike’ portion of the standard Klainerman-Sobolev inequality in n dimensions gives decay
—(n—1)/2
~T :

e The standard setting is on a set which behaves well under rotation, such as a plane or an annular region.

e Our setting requires a Klainerman-Sobolev inequality on narrow strips in R?.

One obtains the expected ~ r~1/2 decay by transforming to polar coordinates, but when attempting to
complete the proof by applying the standard Sobolev inequality in polar coordinates one finds that one
gains a factor ~ r1/4 due to the sharply peaked nature of the region.

This gives an overall decay ~ r~1/4.
Given the cubic nature of the self-coupling of « to itself, the error terms one obtains when estimating the

wave 7 are then essentially of size 62*(6~tv)~1/2, meaning that we can only control v up to v ~ 6 =%,
hence the requirement ¢ > 1/4.

Boosts, radial ‘boosts’, and cosmic censorship 4



Concentrated solutions without symmetry: scaling

Boosts, radial ‘boosts’, and cosmic censorship



Concentrated solutions without symmetry: scaling

e The solutions just sketched permit one to construct wave packets in U(1) symmetry which are somehow
‘concentrated’ in 2 spatial dimensions. The obvious question is, Can we concentrate in all 3 spatial
dimensions?
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Concentrated solutions without symmetry: scaling

The solutions just sketched permit one to construct wave packets in U (1) symmetry which are somehow
‘concentrated’ in 2 spatial dimensions. The obvious question is, Can we concentrate in all 3 spatial

dimensions?
Naively, we could consider initial data (say in terms of initial incoming shear, to follow the literature)

Xy, 2, y) ~ 6 (u, 6, 67 2, 57 2y).

For concentration in 3 dimensions, we must take ¢ = 0 for ¥ to have a nonvanishing L? norm in the

limit 0 — O.
Now it is not hard to see that if one takes data of the above size and performs the scaling transformation

1/2 1/2

w—u, w0 T, e 6 Vi gy 5T 2y,
then one ought to obtain data which is a sufficiently small perturbation of Minkowsk: data that any
standard local existence result, e.g., the classical result of Rendall, will give existence over some small

region of size O(1) in the scaled picture.
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Concentrated solutions without symmetry: gluing and stability

e While I have not worked out the details (for reasons I will give shortly), I believe there should be no
obstacle to then carrying out the following programme, in the scaled picture:
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e While I have not worked out the details (for reasons I will give shortly), I believe there should be no

obstacle to then carrying out the following programme, in the scaled picture:
e Glue a half-plane corresponding to a wedge of Schwarzschild glued into Minkowski onto the non-

Minkowski half of some spacelike slice of the above solution.
e Apply the stability result of Ionescu and Pausader, which gives stability of Minkowski spacetime

under perturbations of size ~ O(1/7), to conclude that the glued data possesses a complete future

development.
e The above coordinate scaling cannot affect the existence of a complete future development, and thus

we may undo the above scaling to obtain a solution to the Einstein vacuum equations consisting of

a 3-way concentrated beam of gravitational energy entering empty Minkowski space.
e On its face, this seems to contradict the so-called hoop conjecture, that mass concentrated in every

direction must form a trapped surface.
e A moment’s thought dispels this notion, since (physically speaking) the above solution is simply a

Lorentz boosted unconcentrated beam.
e It is easy to see that one ought to be able to construct spacetimes with two colliding beams of the above

form, which might give something more interesting.
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Radial ‘boosts’ and an easy proof of trapped surface formation

An obvious question now is whether one can adapt the foregoing ideas to simplify Christodoulou’s proof

of trapped surface formation.
Heuristically, one would expect that a scaling transformation analogous to that developed above would

reduce the size of Christodoulou’s incoming shear from ~ §=1/2 to ~ §%/2, as in the work described

above.
Unfortunately, taken literally this requires that we transform angular coordinates as

0 — 67120, ¢ 571/20,

and difficulty making sense of this moved Klainerman and Rodnianski to work with norm ansatze
instead.

There are, however, two very simple yet key ideas which allow one to overcome the foregoing issue.
e The first is to note that one need not solve on the entire sphere at once; one can solve on a large

number of patches of size ~ §1/2.
e The second, more important, is to note that if we replace the usual polar coordinate 6 by 6 — 7 /2,

so that the round sphere metric becomes df? + cos? fd¢?, then applying the above scaling, together
with an overall conformal scaling by 6! as before, the Minkowski metric is of the form

n = —2dudu + [ro + 272 (6u — v)]?(d6?* + cos? (61/20)d¢?).
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Radial ‘boosts’: background metric

n = —2dudu + [ro + 272 (6u — v)]?(d6? + cos? (61/20)d¢?).

e The spheres of symmetry of the above metric have outgoing expansion ~ § < 1.
e In other words, in the scaled coordinate system, the Minkowski metric is evidently close to metrics

containing trapped surfaces.
e Quantitatively, we expect from the results of Christodoulou/Klainerman-Rodnianski that incoming

shear of size ~ §/2 will give rise to trapped surface formation.
e The above metric is an O(6'/2) perturbation of the infinitely radially boosted Minkowski metric

Moo = —2dudu + [ro — 271/2u]?(d6? + dp?).
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e The spheres of symmetry of the above metric have outgoing expansion ~ § < 1.
e In other words, in the scaled coordinate system, the Minkowski metric is evidently close to metrics

containing trapped surfaces.
e Quantitatively, we expect from the results of Christodoulou/Klainerman-Rodnianski that incoming

shear of size ~ §/2 will give rise to trapped surface formation.
e The above metric is an O(6'/2) perturbation of the infinitely radially boosted Minkowski metric

Moo = —2dudu + [ro — 271/2u]?(d6? + dp?).

e For u < 2'/2r, this metric is clearly nonsingular.
e It thus makes sense to use 7., as the ‘base metric’ in an application of Rendall’s existence results.

Boosts, radial ‘boosts’, and cosmic censorship 8



Radial ‘boosts’ giving trapped surface formation: overall idea

Boosts, radial ‘boosts’, and cosmic censorship



Radial ‘boosts’ giving trapped surface formation: overall idea

e The overall idea, then, is as follows:
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e The overall idea, then, is as follows:
e We restrict to a spatial patch (0,¢) € Y ~ (—=1,1) x (—1,1) and impose Minkowski data on an

ingoing null cone, and incoming shear of size ~ §1/2 on the transverse outgoing null cone.

e These data are both O(§'/2) perturbations of 7., and the results of Rendall then show that for ¢
sufficiently small there is a region [0, ug) x [0,uy) x Y, with ug, uy independent of §, on which the
Einstein vacuum equations have a solution (in harmonic coordinates) corresponding to the above
initial data.

e Moreover, the smoothness results of Rendall also show that this solution will be an O(§'/2) pertur-

bation of 1., throughout the region of existence.
e We may then transcribe the derivation of the null structure equations in Christodoulou and the

trapped surface formation mechanism as described in Klainerman-Rodnianski to the above setting,
and obtain trapped surface formation on this angular patch.
e Obtaining a closed trapped surface requires care with some additional uniformity properties.

e The foregoing reduces Christodoulou’s original 500+ page monograph to perhaps a dozen pages.
e Much more importantly, it provides a far more versatile tool for obtaining trapped surface formation in

other settings.

Boosts, radial ‘boosts’, and cosmic censorship 9



10

Future ideas

Boosts, radial ‘boosts’, and cosmic censorship

10



10

Future ideas

e My main next goal is to attempt to apply the trapped surface formation ideas just described to questions
of cosmic censorship.
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Future ideas

My main next goal is to attempt to apply the trapped surface formation ideas just described to questions

of cosmic censorship.
An has recently shown that short-pulse inspired initial data can be used to sharpen the censorship

results of Christodoulou for naked singularities of the Einstein plus scalar field equations in spherical
symmetry.
I believe the above ideas should both allow one to obtain similar results and also extend them to much
more general settings.

e One caveat is the availability of local existence results in suitable regularity classes.

e Another caveat is that a rotating background could make it harder for trapped surfaces to form.
I am very interested in working on other techniques for approaching cosmic censorship questions.
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